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We provide analytical three-dimensional bright multi-soliton solutions to the (3+1)-dimensional
Gross-Pitaevskii (GP) equation with time and space-dependent potential, time-dependent nonlin-
earity, and gain/loss. The zigzag propagation trace and the breathing behavior of solitons are
observed. Different shapes of bright solitons and fascinating interactions between two solitons can
be achieved with different parameters. The obtained results may raise the possibility of relative
experiments and potential applications.
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I. INTRODUCTION
Solitons describe a class of fascinating nonlinear wave
propagation phenomena appearing as a result of balance
between nonlinearity and dispersion or diffraction prop-
erties of the medium under nonlinear excitations, which
leads to undistorted propagation over extended distance
[1]. One of the most important physically relevant real-
izations of solitons is provided by the matter-wave soli-
tons in Bose-Einstein condensed atomic gas [2]. Based
on the successful experimental realization and theoret-
ical analysis of Bose-Einstein condensations (BECs) in
weakly interacting atomic gases [2], matter-wave dark
solitons [3], vortices [4], bright solitons [5], gap soli-
tons [7], and soliton chains [6] have been observed and
studied. These studies have stimulated a large amount of
research activities, which enable the extension of linear
atom optics to nonlinear atom optics [8].
The realization of higher-dimensional matter-wave
solitons in BECs is still a challengeable topic be-
cause those solutions are usually unstable for (2+1)-D
and (3+1)-D constant-coefficient nonlinear Schro¨dinger
(NLS) equation due to the weak and strong collapse [9].
However, different situations are observed in BECs with
temporally or spatially modulated parameters. Alter-
ation of atomic scattering length achieved by Feshbach
resonance [10] has been used to dynamically stabilize
higher-dimensional bright solitons [11] while periodic ex-
ternal potentials achieved by optical lattice has been used
to generate and control higher-dimensional gap solitons
[12]. 1D periodic wave solutions are also predicted in
BECs with time-space varying parameters [13]. More-
over, the bright solitons [14] and periodic wave solu-
tions [15] were obtained in spinor BECs governed by a
system of three coupled mean-field equations.
In this work, we present a detailed study on dynamics
of analytical 3D bright matter-wave single solitons and
soliton-pairs in BECs with time-space modulation. We
note that 3D periodic wave solutions have been studied
in the generalized NLS equation very recently [16, 17].
However, the authors did not study the soliton pair solu-
tions and their interaction properties. By using the sim-
ilarity [13, 17, 18] and bilinear transformations [19], we
can achieve different shapes of bright solitons and fasci-
nating interactions between two solitons. In addition, the
experimental possibilities for observability are discussed
and the stability of solitons is illustrated numerically.
The paper is organized as follows. In the next section,
the model under study is introduced. In Sec. III, the
methods for solving the model equation are introduced.
A relationship between the model and a practical system
is established. In Sec. IV, we give the expressions of the
bright solitons and the soliton-pairs. The interactions
between two solitons are also investigated. In the last
section, the case of the dark solitons is discussed and the
outcomes are summarized.
II. THE GP MODEL
The dynamics of a weakly interacting Bose gas at zero
temperature is well described by the (3+1)-D GP model
with time-space modulation [2]
i~
∂Ψ
∂t
=
[
− ~
2
2m
∇2+ Vext(t, r) +G(t)|Ψ|2
]
Ψ+ iΓ(t)Ψ, (1)
where ∇ = (∂x, ∂y, ∂z), r = (x, y, z), Ψ ≡ Ψ(t, r) de-
notes the order parameter with N =
∫ |Ψ|2dr being the
number of atoms in the condensate, G(t) = 4π~2as(t)/m
is the interaction function with as(t) being the s-wave
scattering length modulated by a Feshbach resonance,
and Γ(t) is the gain/loss term, which is phenomeno-
logically incorporated to account for the interaction of
atomic or thermal clouds. We note that the dissipative
2dynamics originating from the interaction between the
radial and axial degrees of freedom has also been stud-
ied recently [20]. Here the potential is chosen as a har-
monic trap Vext(t, r) = (m/2)(r − e(t))ω2(t)(r − e(t))
with ω(t) = diag(ωx(t), ωy(t), ωz(t)) being a diagonal
matrix of the trap frequencies in three directions and
e(t) =(e1(t), e2(t), e3(t)) corresponding to its center.
Using the suitably scales and variables: r = azr
′, t =
ω˜−1z t
′, e(t) = aze
′(t), Ψ =
√
N/a3zψ, az = [~/(mω˜z)]
1/2,
and ω˜z =
∫
ωz(t)dt, we arrive at the dimensionless GP
equation in the (3+1)-D space after dropping the primes
i
∂ψ
∂t
=
[
−1
2
∇2 + v(t, r) + g(t)|ψ|2
]
ψ + i γ(t)ψ, (2)
where g(t) = 4πN2as(t)/a
4
z, γ(t) = Γ(t)/(~ω˜z), and
v(t, r) =
1
2
(r− e(t))α2(t)(r − e(t)) (3)
with α(t) = diag(α1(t), α2(t), α3(t)) = ω˜
−1
z ω(t). Eq. (2)
is associated with δL/δψ∗ = 0 in which the Lagrangian
density can be written as
L = i(ψψ∗t − ψ∗ψt) + |∇ψ|2 − g(t)|ψ|4
−2[v(t, r) + iγ(t)]|ψ|2.
(4)
III. SIMILARITY SOLUTIONS
Here we focus on the spatially localized bright solitons
and soliton-paris for which lim|r|→∞ ψ(t, r) = 0. Our
first objective is to reduce Eq. (2) to the tractable NLS
equation
i
∂Φ(τ, ξ)
∂τ
= −1
2
∂2Φ(τ, ξ)
∂ξ2
+ G|Φ(τ, ξ)|2Φ(τ, ξ) (5)
using a proper similarity transformation, where τ ≡ τ(t)
and ξ ≡ ξ(t, r) are both the unknown variables, and G is a
constant. We explore the attractive nonlinearity, i.e. G =
−1, resulting in the bright multi-soliton solutions. The
case G = 1 resulting in the dark multi-soliton solutions
does not pose new challenges and will be discussed in the
last section. Using the similarity transformation [13, 17,
18]
ψ(t, r) = ρ(t)eiϕ(t,r)Φ(τ(t), ξ(t, r)), (6)
and requiring Φ(τ(t), ξ(t, r)) to satisfy Eq. (5) and ψ(t, r)
to be the solution of Eq. (2), we find a set of equations
∇2ξ = 0, ξt +∇ξ · ∇ϕ = 0, τt = |∇ξ|2, (7a)
v(t, r) = −1
2
|∇ϕ|2 − ϕt, g(t) = Gρ−2|∇ξ|2, (7b)
γ(t) =
1
2
∇2ϕ+ ρt/ρ. (7c)
Here for the harmonic trapping potential v(t, r) given
by Eq. (3), after some algebra it follows from system (7)
that the similarity variables can be expressed as
ξ(t, r)= β(t) · r+
∫ t
0
β(s) · σ(s)ds,
τ(t)=
∫ t
0
|β(s)|2ds,
(8)
where β(t) = (β1(t), β2(t), β3(t)) denotes the vector
of the inverse spatial widths of the localized solu-
tions along x, y, z directions, respectively, and σ(t) =
(σ1(t), σ2(t), σ3(t)) with σj = βj
∫ t
0 ejα
2
jβ
−1
j dt relating
to the velocity of the solitons. Moreover the nontrivial
phase has the quadratic form
ϕ(t, r) = −1
2
rA(t)r + σ · r− 1
2
∫ t
0
(eα2e+ |σ|2)dt, (9)
where A(t) = diag(β˙1/β1, β˙2/β2, β˙3/β3). The additional
relations between αj(t) and βj(t) = 1/νj(t) result in the
Mathieu equations
ν¨j(t) + α
2
j (t)νj(t) = 0, (j = 1, 2, 3). (10)
Finally, the function ρ(t) modulating the amplitude of
solution ψ and nonlinearity g(t) can be also found by
ρ(t) = ρ0[β1(t)β2(t)β3(t)]
1/2 exp
[∫ t
0
γ(s)ds
]
,
g(t) = −ρ−2(t)|β(t)|2,
(11)
which depend on both βj(t) and gain/loss coefficient γ(t)
with ρ0 being a non-zero parameter. Note that for the
given βj(t), the nonlinearity g(t) must attenuate (grow)
exponentially in the gain (loss) medium γ(t) > 0 (< 0).
For the given αj(t), one can, in principle, obtain cor-
responding βj(t) (or equivalently for the given βj(t)
one can obtain αj(t)) based on Eq.(10). Furthermore,
the bright N -soliton solutions of Eq.(5) can be ob-
tained using the bilinear transformation [19]: ΦN =
P (N)(τ, ξ)/Q(N)(τ, ξ). Here, P (N) and Q(N) satisfy
(iDτ + 1/2D
2
ξ)P
(N) · Q(N) = 0 and D2ξQ(N) · Q(N) =
2|P (N)|2 with Dt and Dξ being the bilinear operators
and P (N) =
∑N
j=1 ǫ
2j−1P2j−1(τ, ξ) and Q
(N) = 1 +∑N
j=1 ǫ
2jQ2j(τ, ξ). Thus, by choosing βj(t) and γ(t), we
can generate v(t, r) and g(t) for which the generic bright
N -soliton solutions of Eq. (2) can be found from Eq.
(5) on the basis of Eq. (6). We will use this analytical
result to construct the exact bright N -soliton solutions
with many interesting nontrivial features.
For the convenience of analyzing different dynamical
regimes described by the given model, we specify the
magnitude of main physical parameters, which are fea-
sible in experiments. We consider a condensed sodium
sample trapped in the state |3S1/2, F = 1,mF = −1〉,
3FIG. 1: (color online). Curves of αj(t), g(t), and γ(t) given
by Eqs. (12) and (13) vs t for ρ0 = 6.0, γ0 = m = 0.1, and
bj = n = 1.0 (j = 1, 2, 3).
which has the scattering length as = 2.75 nm [21]. The
other parameters can be taken as N = 1.2 × 106 and
ω˜z = (2π) × 21 Hz, which leads to az = 4.55 µm and√
N/a3z = 1.13× 102 µm−3/2. To make sure the frequen-
cies αj(t) and nonlinearity g(t) are bounded for realistic
cases, we choose βj(t) and the gain/loss coefficient γ(t)
as the periodic functions
β(t) = dn(t,m)b, γ(t) = γ0 cn(t, n), γ0 ∈ R (12)
where b = (b1, b2, b3) is a real constant vector describ-
ing the inverse of the width of the potential and the
frequency, m ∈ [0, 1) and n ∈ [0, 1] are the mod-
ules of Jacobi elliptic functions. It is easy to see that
γ(t) = γ0 sech(t) > 0 corresponds to the dissipative case
when n = 1 and γ0 > 0 (we will focus on this condition
next). In practical systems, the modulations of βj(t),
g(t) and γ(t) depend on the use of the optical lattice and
Feshbach-resonance techniques, i.e. we can achieve Γ(t)
and as(t) by exerting particular time-dependent optical
field and magnetic field.
It follows from Eqs. (10) and (12) that αj(t) is given
by
α2j(t) = m
2
[
(2−m2) sd2(t,m)− nd2(t,m)] . (13)
Figure 1 shows the curves of αj(t), g(t), and γ(t) vs t. For
simplicity, we take bj = 1, i.e. α1(t) = α2(t) = α3(t) cor-
responding to the isotropic potential, and consider that
the center of the potential locates at the origin (ej = 0).
We can also change bj to get an anisotropic potential and
use nonzero ej to obtain moving bright solitons as those
discussed in 1D case [13].
IV. BRIGHT SOLITONS AND SOLITON PAIRS
Based on the discussions in the previous section, we
arrive at the fundamental 3D time-varying bright solitons
FIG. 2: (color online). Propagations (left) and contour plots
(right) of density for the bright soliton (14) in (t, ζ ≡ b · r)-
space for r1 = 0.5, s1 = ρ0 = 2.0, and γ0 = 0.01. The
others are the same as Fig.1. (a) The breathing bright soliton
propagating in a zigzag trace form = 0.1. In the given sodium
sample, the maximum density and width of the soliton are
about 1.28 µm−3 and 12.13 µm. The period is about 53.1
ms. (b) The bright soliton chain for m = 0.9. The maximum
density and width of the soliton are about 1.28 µm−3 and 9.1
µm. The period is about 91.0 ms.
ψ1(t, r)= r1ρ(t) sech
[
r1(ξ(t, r)−s1τ(t))−ln |2r1|
]
eiθ,(14)
where θ = s1ξ(t, r)+(r
2
1−s21)/2τ(t)+ϕ(t, r) with r1, s1 ∈
R, and ρ(t), ϕ(t, r), ξ(t, r), and τ(t) are given by Eqs. (8),
(9) and (11).
Figure 2 exhibits the dynamics of the time-varying
bright soliton (14). A breathing behavior is also evi-
dent, which can be managed by βj(t), γj(t), and ρ(t).
For the case m = 0, we have βj = bj and αj = 0, in
which the travelling-wave bright soliton is obtained. In
experiments, it can be simply realized for the zero lin-
ear potential. The bright soliton propagates in a zigzag
trace for m = 0.1 [see Fig.2(a)]. An important fea-
ture is that while m → 1 (6= 1) resulting in the larger
period of βj(t) given by Eq.(12), the amplitude of the
soliton close to the corners attenuates rapidly so that
a soliton chain is generated [see Fig.2(b)]. In experi-
ments, it can be realized by taking ωx = ωy = ωz =
m[(2−m2)sd2(t,m)− nd2(t,m)]1/2ω˜z.
The interaction of the bright solitons plays an impor-
tant role in the study of BECs. Here, we will also study
the interaction between two bright solitons. The analyt-
ical 3D time-varying bright soliton pairs read
ψ2(t, r) = ρ(t)e
iϕ(t,r)P (t, r)/Q(t, r), (15)
4where P (t, r) and Q(t, r) can be expressed as the series
of exponential functions of (t, r)
P (t, r) =
2∑
j=1
δje
ηj +
2∑
j,k=1,j 6=k
λjke
ηj+η
∗
j +ηk ,
Q(t, r) = 1 +
2∑
j,k=1
Λjke
ηj+η
∗
k +Ωeη1+η2+η
∗
1
+η∗
2 ,
(16)
with ηj = µjξ(t, r) +
i
2µ
2
jτ(t), µj = rj + isj (rj , sj , δj ∈
R), Λjk = δjδ
∗
k(µj + µ
∗
k)
−2, λjk = (µk − µj)
[
δkΛjk(µk +
µ∗k)
−1 − δjΛkk(µj + µ∗k)−1
]
(j 6= k), and Ω =
(|δ1δ2|)−1|µ1−µ2|2
(
Λ11Λ22
√
Λ12Λ21−Λ12Λ21
√
Λ11Λ22
)
.
The dynamics of the 3D time-varying bright two-
soliton solutions (15) is exhibited in Figure 3. Under
the different parameters, we exhibit three cases for two
weak zigzag solitons without interaction [see Fig.3(a)],
two strong zigzag solitons with interaction [see Fig.3(b)],
and strong-weak zigzag solitons with interaction [see
Fig.3(c)]. Notice that similar with the bright solitons
shown in Fig.2(b), for the case m → 1 (m 6= 1), the
amplitudes of the soliton-pairs close to the corners will
almost decrease to zero so that panel (a) will degenerate
to two parallel soliton chains while panels (b) and (c)
will degenerate to the ><-shaped soliton chains. The
experimental realization of the dynamics regimes for the
two-soliton solutions is similar with that for the bright
one-soliton solutions.
We stress that the important feature that distinguishes
our solutions from the reported in the literature [3–6] is
the appearance of the time- and space-dependent func-
tions in both the phase and the amplitude and which
strongly affect the form and the behavior of bright soli-
tons and their interactions.
In order to check the stability of the time-varying
bright soliton (14), we make numerical simulations of
Eq. (2) with the initial conditions given by Eq. (14)
and different values of m. We find that the bright soli-
tons are very stable for m being small (e.g. m = 0.1) [see
Fig.4(a)]. With the increase of m, the bright solitons
become unstable [see Fig.4(b)]. This is because large m
results in stronger oscillations of βj(t), which affect the
coefficients of Eq. (2) and the behavior of the solutions.
V. DISCUSSIONS AND CONCLUSIONS
For completeness, we consider the repulsive nonlinear-
ity in Eq. (5), i.e. G = −1. In this case, the equation
admits 3D dark soliton solutions in the form with a non-
trial phase
ψ(t, r) =
{
iv + k tanh[k(ξ(t, r) − vτ(t))]}e−iµτ(t), (17)
where µ is the chemical potential, v =
√
µ− k2, and k is
a free parameter satisfying k2 < µ.
FIG. 3: (color online). Propagations (left ) and contour plots
(right) for collisions between bright two solitons (15) in (t, ζ ≡
b · r)-space for γ0 = 0.01, δ1,2 = ρ0 = 1.0, and m = 0.6. The
others are the same as Fig.1. (a) Two zigzag solitons without
interaction for r1 = 1.0, r2 = 1.2 and s1,2 = 0. In the given
sodium sample, the maximum density and width of the left
(right) soliton are about 1.8 µm−3 and 7.6 µm (1.5 µm−3 and
9.1 µm). (b) Two strong zigzag solitons with interaction for
r1,2 = s1 = −s2 = 1.2. The maximum density and width of
the left (right) soliton are about 6.2 µm−3 and 3.0 µm (17.5
µm−3 and 2.4 µm) (c) Two strong-weak zigzag solitons with
interaction for r1 = 1.2, r2 = 1.5, s1 = 1.05 and s2 = 0.
The maximum density and width of the left (right) soliton
are about 6.2 µm−3 and 4.2 µm (13.1 µm−3 and 3.8 µm).
The period of the zigzag oscillation is about 26.5 ms in all
panels.
In summary, we have analytically constructed the
novel 3D time-varying bright multi-soliton solutions for
the (3+1)-D GP equation with time-space modulation.
We focus on the bounded potential, nonlinearity, and
gain/loss case to analyze the dynamics of the breathing
and the zigzag propagation trace of the obtained solitons.
Different shapes of the one-soliton solutions and the fasci-
nating interactions between soliton-pairs were achieved.
5FIG. 4: (color online). Numerical simulations of bright soliton
from Fig. 2 vs ζ at t = 0, 10, and 20. The initial conditions
are given by Eq. (14) with s1 = 0.1, m = 0.1 in panel (a) and
m = 0.9 in panel (b). The other parameters are the same as
those used in Fig. 2.
The stability of bright solitons have been checked nu-
merically. The method we present here can be extended
to study the higher-dimensional bright soliton solutions
of other nonlinear systems and their various interaction
properties. The model (2) can also be extended to de-
scribe 3D nonlinear optical media with varying coeffi-
cients [16] after the transformation z ↔ t. The results
we obtained may raise the possibility of relative experi-
ments and potential applications.
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